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We obtain a relationship between the hierarchies of mixing angles and of masses pertinent to the
Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix and the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) lepton mixing matrix. Using this relationship, we argue that the more severe
hierarchy of the charge- 2
3
quark masses requires that the CKM matrix be close to a unit matrix
whereas the milder hierarchy of the neutrino masses allows the PMNS matrix to depart markedly
from the CKM matrix and contain large mixing angles of the type that are observed.
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I. INTRODUCTION
The Standard Model (SM) of particle physics has many free parameters which are fitted to experimental data rather
than calculated. Most of these parameters are masses and mixing angles, and in the present article we demonstrate
a general model-independent relationship. Understanding these from symmetric principles is a theoretical solution
of the flavor problem. On the other hand, a generally accepted idea in the astrophysical community is most of the
energies in the universe are carried by dark energy (DE) and dark matter (DM). The solution of the flavor problem
is applicable to the cosmic evolution because the symmetry required from the flavor solution necessarily dictates the
properties of the beyond-the-SM (BSM) particles, in particular DM. Not only DM but also the baryon number in the
universe (BAU) is related to the theoretical solution because one of three Sakharov conditions [1] for generating the
BAU needs C and CP violation. The CP phase in the SM may be directly related to the BAU [2] or may not be
related [3, 4]. Even though the CP phase needed for the BAU may not be that of the SM, the phases of the SM and
the BSM can be related if the symmetry in the full theory is known.
Among the SM parameters, the best measured parameters are the gauge coupling constants and some masses
me,mµ,mt and mh. Other masses have rather large error bars. On the other hand, three real angles of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix and three real angles of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix
are known rather accurately. The CP phases are not known accurately. Therefore, the flavor symmetry can be grasped
by looking at the CKM and the PMNS matrices with the phases as free parameters [5]. The CKM matrix is close to
identity, but the PMNS matrix is of the form
V (0) ∼

× × ×× × ×
0 × ×

 , (1)
where × are non-vanishing entries. The form of Eq. (1) has led to the bimaximal PMNS form [6]. It is almost
tri-bimaximal [7], which created a frenzy with regard to the tetrahedral symmetry [8].
II. FORM OF CHARGED CURRENTS
At present all the SM particles of three quark-lepton families are known, and one of the most important theoretical
problems is the flavor problem. The first SM family consists of fifteen chiral fields, with three colors (α = 1, 2, 3) for
the quarks,
QαL, (u
α)cL, (d
α)cL, ℓL, e
c
L, (2)
where
QαL =
(
uα
dα
)
L
, ℓL =
(
νe
e
)
L
, (3)
2and the 2nd and the 3rd families have an identical structure except for the masses and mixings, which are our present
research topic. Except for the three neutrinos, all the SM chiral fields obtain masses by using renormalizable couplings
to the vacuum expectation value (VEV) of a Higgs doublet. Neutrinos remain massless unless additional assumptions
beyond the Standard Model (BSM) are invoked.
We have the irreducible representations of the gauge group SU(3)C×SU(2)L×U(1)Y that we put into the definition
of Yukawa couplings. Let us choose the bases where the fermion doublets with the 3rd component of the weak isospin
T3 = − 12 are the mass eigenstates:
d
(mass)
L =


d(0)
s(0)
b(0)


L
=


d
s
b


L
, e
(mass)
L =


e(0)
µ(0)
τ (0)


L
=


e
µ
τ


L
. (4)
Then, the charged currents (CCs) are given by
g√
2
(
u¯
(0)
L γ
µd
(mass)
L + ν¯
(0)
L γ
µe
(mass)
L
)
W+µ , (5)
where
u
(0)
L =


u(0)
c(0)
t(0)


L
, ν
(0)
L =


ν
(0)
e
ν
(0)
µ
ν
(0)
τ


L
. (6)
In terms of mass eigenstates, Qem = +
2
3 quarks (u, c, t) and neutrinos (ν1, ν2, ν3), the defining weak states are related
to the mass eigenstates by


u(0)
c(0)
t(0)


L
= U (u) †


u
c
t


L
,


ν
(0)
e
ν
(0)
µ
ν
(0)
τ


L
= U (ν) †


ν1
ν2
ν3


L
, (7)
where the unitary matrices diagonalizing L-handed fields are denoted by U and the unitary matrices diagonalizing
R-handed fields are denoted by U . Then, the CKM and the PMNS matrices are given by
V (CKM) = U (u)U (d) † = U (u), V (PMNS) = U (ν)U (e) † = U (ν). (8)
The definitions of U (u) and U (ν) in Eq. (8) have the required number of parameters. In U (u), two phases of L-handed
u(0) quarks for constraints exist because the baryon number phase cannot be used as a constraint. Also, three u(0)
masses provide three constraints. Thus, out of 9 parameters in a 3 × 3 unitary matrix, the number of undetermined
parameters are 4: 3 real angles and 1 phase. In U (ν), we do not have any phase constraint because Majorana neutrinos
are real, we have nine minus three parameters: 3 real angles, 1 Dirac phase, and 2 Majorana phases.
Note that our definition of the PMNS matrix is given in accordance with the CKM matrix by using theW+µ coupling
while the Particle Data Book (PDG) defines the PMNS matrix with theW−µ coupling [9, 10]. This is because the quark
mixing angles are represented with respect to the mass eigenstates while the leptonic mixing angles are represented
with respect to the weak eigenstates. Thus, what the PDG book represents is our U (ν)†. Therefore, in discussing the
CKM and the PMNS matrices in unison, considering the charge raising currents due to U (u) and U (ν) to be the same
is better. We could have chosen the mass eigenstates of Qem = +
2
3 quarks and neutrinos as the defining fermions
with (0), but then we would have to specify how neutrinos obtain masses, which necessarily includes BSM physics.
On the other hand, our choice of Qem = − 13 quarks and Qem = −1 leptons as the defining fermions is fulfilled just by
the above fermions and the Higgs doublet Hd with Y = − 12 :
qαL

md , 0, 00, ms, 0
0, 0, mb

 dα(mass)R + ℓ

me , 0, 00, mµ, 0
0, 0, mτ

 e(mass)R

 Hd
〈H0d 〉
+ h.c. (9)
where qiL = (u
(0), d(mass))TiL. This is equivalent to defining the Yukawa couplings as Y
(d)
ij =
m
(d)
i
〈H0
d
〉δij and Y
(e)
ij =
m
(e)
i
〈H0
d
〉δij .
The renormalizable couplings for the Qem = +
2
3 quarks are given by H
†
d that carries Y = +
1
2 .
3For neutrinos, renormalizable couplings such as Eqs. (9) cannot be written. If non-renormalizable couplings are
allowed, however, lepton (L) number can be violated and L-violating Majorana-type neutrino mass terms are possible
[11]:
kij
M
(ℓTi )
mC−1(ℓj)n (Hu)m
′
(Hu)
n′ǫmm′ǫnn′ , (10)
where m,n,m′ and n′ are the SU(2) indices and i and j are flavor indices. For a non-vanishing VEV of Hu, 〈H0u〉 =
vu/
√
2, which has T3 = − 12 ; neutrinos having T3 = + 12 lead to the mass
mij =
v2u
M
kij . (11)
III. SMALL QUARK MIXING AND LARGE LEPTON MIXING ANGLES
1. The CKM Matrix
The CKM matrix elements are
CKM (component ij) :
g√
2
u¯iLV
(CKM)
ij γ
µ djLW
+
µ , (12)
where u(i) and d(i) are mass eigenstates. The diagonal masses of Qem = +
2
3 quarks are, for the (ll) component,
Diagonal (ll) : mu u¯RuL +mc c¯RcL +mt t¯RtL + h.c.
= mu u¯
(0)
iR (U†i1U1j)u(0)jL +mc u¯(0)iR (U†i2U2j)u(0)jL +mt u¯(0)iR (U†i3U3j)u(0)jL + h.c.
= u¯
(0)
αR (miUiαUiβ)u(0)βL + h.c.
(13)
Let us pay attention to the largest term
mt (u¯
(0)
αRUtαUtβu(0)βL +O(
mc
mt
)) = mt (u¯
(0)
αRU†αt)(Utβu(0)βL) +O(mc). (14)
Thus, we define
tL ≃ Utαu(0)αL ,
tR ≃ Utβu(0)βR .
(15)
Whatever the diagonalizing matrices U and U may be, we can approximately find the top components by using Eq.
(15). With the choice of tL and tR, the mass matrix is of a form with a determinant O(ǫ
3):
mt

 O(ε2) O(ε
3
2 )) O(ε)
O(ε
3
2 )) O(ε) O(ε
1
2 )
O(ε) O(ε
1
2 ) 1

 , (16)
where ε is O(mcmt ) ≈ 0.007. If we restrict to the problem to a 2× 2 matrix with mass eigenvalues of order mt and mc,
the matrix must take a form so that the determinant turns out to be O(ε):
mt
(
O(ε) O(ε1/2)
O(ε1/2) 1
)
. (17)
In this case, the CKM matrix is close to a diagonal matrix [12], which basically results from the huge mass hierarchy
between Mt and Mc. Extending this form to a 3× 3 matrix is straightforward [13].
2. The PMNS Matrix
4The PMNS matrix elements are
PMNS (component ij) :
g√
2
ν¯
(0)
iL V
(PMNS)
ij γ
µ ejLW
+
µ , (18)
where ν
(0)
i and ej are the weak eigenstates. In addition, ej is also the mass eigenstate. For neutrino masses, no
counterpart corresponding to Eq. (13) exists instead, we obtain them from Weinberg’s dimension 5 L-violating
operator:
mi ν˜iLC
−1νiL. (19)
The diagonal masses of neutrinos are, for the (ll) component,
Diagonal (ll) : mν1 ν¯1Rν1L +mν2 ν¯2Rν2L +m3 ν¯3Rν3L + h.c.
→ 1
2
(
mν1 ν
T
1LC
−1ν1L +mν2 ν
T
2LC
−1ν2L +m3 νT3LC
−1ν3L
)
=
1
2
[
mν1 ν˜
(0)
iL (U
(ν))1iC
−1(U (ν)†)1jν
(0)
jL +mν2 ν˜
(0)
iL (U
(ν))2iC
−1(U (ν)†)2jν
(0)
jL
+mν3 ν˜
(0)
iL (U
(ν))3iC
−1(U (ν)†)3jν
(0)
jL
]
,
(20)
where in the second line we wrote the low-energy effective lagrangian in the SM in terms of L-handed fields as
νi = (U
(ν)†)iαν(0)α . (21)
If a hierarchy of masses exists, we can follow the case of the CKM hierarchy and obtain
m3
(
O(ε′) O(
√
ε′)
O(
√
ε′) 1
)
. (22)
In the inverted hierarchy, the masses are almost degenerate, so the PMNS matrix need not be near the identity
matrix. From the data for the normal hierarchy [7], we obtain ∆m2 ≃ 0.24 × 10−4 eV2 and 0.76 × 10−6 eV2, i.e.,
m3 ≃ 0.5 × 10−2, and m2 ≃ 0.9 × 10−3, where ε′ is O(0.18)=O((0.4)2). Therefore, the PMNS matrix being close to
the identity matrix is not possible. This is because no strong hierarchy of neutrino masses exists. With a normal
hierarchy of neutrino masses, for example, putting M(ν1) ≃ 0, the squared mass differences △212 = 7.55 × 10−5 eV2
and △223 = 2.31 × 10−3 eV2, which are measured [7], suggest that M(ν3) = 0.048 eV and M(ν2) = 8.7 × 10−3 eV,
hence, the lepton hierarchy is M(ν3)/M(ν2) = 5.5.
In the quark sector, the top and the charm quarks have masses M(t) = 173GeV and M(c) = 1.2GeV, so the quark
hierarchy is M(t)/M(c) = 144.2. Thus, the quark hierarchy is much stronger than the lepton hierarchy.
IV. FLAVOR SYMMETRY
If the PMNS matrix is not close to identity, the next question to ask is, “How close are the PMNS-matrix elements?”
One may consider the mass matrix first, but experimentally presented ones are on the CC interactions. If a symmetry
is the basis for large mixing angles in the PMNS matrix, the first one to consider is the permutation symmetry because
permutation requires somethings to be identical. The simplest case S2 has representations of singlets only; hence, it
is not suitable for relating mixing angles. The permutation of three objects S3 has a doublet representation, which
may equate two entries among the matrix elements.
Let us consider a matrix with one zero,
V (0) ∼

× × ×× × ×
0 × ×

 (23)
such that the CC in the leptonic sector is, viz. Eq. (18),
ν
(0)
L V
(0)γµeL
= ν
(0)
L U
(ν)†U (ν)V (0)γµeL ,
(24)
5where eL is a column vector of mass eigenstates, and
ν
(0)
L = U
(ν)ν. (25)
Noting Eq. (8), ν
(0)
3 = U
(ν)
3j νj , ν
(0)
3 is composed of a representation 2 of the permutation symmetry S3. Negligible
couplings occur between 1 and 2 in ν
(0)
3 . The PMNS matrix of the form in Eq. (18) is S3 symmetric, and it is
bimaximal; thus,
V (PMNS) ∼

× × ×× × ×
0 ± 1√
2
1√
2

 , (26)
which may be obtained from the permutation symmetry S3 [6].
By the same token, let us look for a permutation symmetry with a triplet representation 3. It is present in the
permutation symmetry S4. In the PMNS matrix, can one associate 4 entries such that it contains a triplet, for
example,
V (try) ∼

× × ×p q r
s × ×

 , (27)
where we have declared that a permutation symmetry of p, q, r, and s exists. We use s in anticipation of setting
this entry to zero at the end. A triplet is assigned in the second row of ViI , i.e., at i = 2. Twenty-four elements of
permutations of p, q, r,s are
123s, 231s, 312s,
12s3, 23s1, 31s2,
1s23, 2s31, 3s12,
s123, s231, s312,
(28)
and
213s, 132s, 321s,
21s3, 13s2, 32s1,
2s13, 1s32, 3s21,
s213, s132, s321.
(29)
Equation (28) represents cyclic permutations while Eq. (29) represents anti-cyclic permutations, which is identical
to the scheme that neglects Eq. (29) and allows plus and minus values of s in Eq. (28). Depending on a nonzero
value of s, all 24 elements in Eq. (28) and Eq. (29) form the symmetric elements S4. The four elements p, q, r, and
s must be the same. When only Eq. (28) is considered, the same conclusion is drawn. For p = q = r = ∆ while s
takes two values ±∆. Now, suppose p = q = r = 1√
3
and s = 0; then, two values of s collapse to one, and Eq. (28)
has only twelve elements. Thus, we argue that the discrete group of twelve elements, A4 [8], will lead to a PMNS
matrix of the form
V ∼


× × ×
1√
3
1√
3
1√
3
0 sinα cosα

 . (30)
For a tri-bimaximal form, we require α = ±45o, for which ViI has an additional permutation symmetry: Vi2 ↔ Vi3
for i = 3. Note that Eq. (30) uses the weak eigenstates of neutrinos with superscripts (0).
We can present our arguments in terms of the A4 representations. A4 has three singlets 1,1
′, and 1′′ and one triplet
3. How then three singlets are given is obtained from the decomposition of S4 representations into those of A4, as
shown in Table 1. The singlet representations are 1 = p+ q+ r+s,1′ = p+ q− r−s and 1′′ = p− q+ r−s. The
three numbers in the first row of Eq. (30) correspond to three singlets. The two numbers in the 3rd row correspond
to two singlets 1′ and 1′′; hence, α need not be 45o. Hence, Eq. (30) can be written in terms of A4 representations as
V ∼


1 1
′
1
′′
3
T
0 1′ 1′′

 . (31)
6TABLE I: Branching of S4 representations 1, 1
′,2, 3 and 3′ into the A4 and the S3 representations [14].
S4 A4 S3
1 1 1
1′ 1 1′
2 1′ ⊕ 1′′ 2
3 3 1⊕ 2
3′ 3 1′ ⊕ 2
V. MODEL FOR NEUTRINO MASSES
To realize A4 symmetry, we assign the Yukawa couplings such that the flavor indices of i respect the requirements
discussed in Section IV. The L-violating BSM singlets Ni can be three, but here we show an example with just one
singlet N : L∆L = 12mNN2. The effects of other singlets is effectively adjusted by the coefficients of the Weinberg
operator,
v2u
mN
ν˜
(0)
iL C
−1(hij)ν
(0)
jL , (32)
where (hij) denotes the Yukawa matrix. In Eq. (32), the hierarchy of hij is determined by physics above the
electroweak scale, in particular by the VEVs of the SM singlet Higgs fields rendering the heavy neutrinos mass. For
example, if the heavy neutrinos are completely democratic, the heavy neutrinos have a hierarchyM3 ≫M1 = M2 ≈ 0,
approximately leading to h11 = h22 ≫ h33. With the A4 symmetry, the heavy neutrino hierarchy is determined by
the representation property of the singlet Higgs. This feature is discussed in [16]. Because we introduce just one
Higgs doublet Hu giving mass to neutrinos, the A4 symmetry is counted only by the neutrinos. The weak eigenstate
neutrinos of Eq. (32) are related to the mass eigenstate neutrinos by, neglecting phases of a tri-bimaximal U ,
ν
(0)
θφ = U(θ, φ)ν ∼


cos θ, sin θ cosφ, sin θ sinφ
3
T
0, ±12 ,
1
2




νe
νµ
ντ

 =


cos θ νe + sin θ cosφ νµ + sin θ sinφ ντ
1√
3
νe +
1√
3
νµ +
1√
3
ντ
±1√
2
νµ +
1√
2
ντ

 , (33)
and Eq. (32) expressed in terms of the mass eigenstates is, for cos θ = ±
√
2√
3
and φ = 45o,
h
v2u
mN
([±√2√
3
ν˜e +
1√
6
ν˜µ +
1√
6
ν˜τ
]
C−1
[
±√2√
3
νe +
1√
6
νµ +
1√
6
ντ
]
+
[
1√
3
ν˜e +
1√
3
ν˜µ +
1√
3
ν˜τ
]
C−1
[
1√
3
νe +
1√
3
νµ +
1√
3
ντ
]
+
[±1√
2
ν˜µ +
1√
2
ν˜τ
]
C−1
[±1√
2
νµ +
1√
2
ντ
] )
.
(34)
Certainly, Eq. (34) looks a bit more complicated than Eq. (32).
Generalizing the forms hij and U is straightforward if the the three heavy neutrino masses are different and the
three CP phases are included. Nevertheless, if the (31) element of U remains zero as in Eq. (34), then the Dirac CP
phase does not appear [15]. For the Dirac CP phase to have an effect, a term(s) violating the tri-bimaximal form,
notably in the (31) element of U(θ, φ), must exist.
A model construction is to declare the weak eigenstates of neutrinos with superscripts (0) to be the triplet repre-
sentation under the dihedral group A4 and V
(0) in Eq. (24) to be Eq. (31). Of course, we work in bases where the
T3 = − 12 components in the quark and lepton sectors are mass eigenstates. At this stage, all quarks states can be
taken as singlets under A4. In GUTs, the tensor product 3× 3 = 2 · 3⊕ 1⊕ 1′ ⊕ 1′′ should be considered to declare
the A4 properties of the quark representations, which will be discussed in the future [16].
7VI. CONCLUSION
Our letter suggests a general approach to study the connection between the lepton and the quark parameters
precisely by exploiting the difference between the two sectors. We have compared the mixing angles and the masses
pertinent to the quark and the lepton mixing matrices. We have shown that the two matrices possess intriguing
hierarchies anticorrelated between angles and masses and hope this observation will lead to further progress.
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